Following the work of Dine and Seiberg for SU (2), we study the leading irrelevant operators on the moduli space of N = 4 supersymmetric SU (N ) gauge theory. These operators are argued to be one-loop exact, and are explicitly computed.
Introduction
The generic actions of field theories with supersymmetry are tightly constrained. In certain cases, supersymmetry completely determines the form of some of the terms in the action. For example with N = 2 in four dimensions supersymmetry fixes the entire action at leading order at low energies in terms of a N = 2 superspace chiral integral of a holomorphic function. For N = 4 we expect even stronger constraints, however analysis is hampered by the lack of a N = 4 superspace formalism. If such a formalism existed, a chiral integral would be an integral over eight Grassman coordinates and one would expect non-renormalization theorems for four derivative terms. It is nevertheless possible to work with N = 2 superfields and make additional symmetry arguments to constrain the form of the action. This is the approach we take in this paper, where we prove a non-renormalization theorem for terms quartic in derivatives in theories with N = 4 supersymmetry, and terms related to these by supersymmetry. The terms of this type arise from an integral over all of N = 2 superspace of a real function of the superfields
where W is the field strength supermultiplet and Y the adjoint hypermultiplet. The terms involving just the N = 2 vector multiplets have been much studied in previous works. In [1] , it was shown that the perturbative contributions to H(W,W ) must take the form
where H 0 and g 0 are homogeneous and c is a constant. For SU (2) g 0 = 0, and the one loop contribution to H 0 was determined in [1] . This result is important in the context of recent studies in Matrix theory, and in the correspondence between string theory in an anti-de Sitter background and large N SU (N ) N = 4 supersymmetric Yang-Mills theory [8, 9] . From the Matrix theory point of view, the non-renormalization of these terms leads to agreement with tree-level M-theory in discrete light-cone gauge further compactified on a three-torus. The result of [2] , gives the needed non-renormalization theorem for the SU (2) case and the complete non-renormalization theorem for general SU (N ) is obtained in the present work.
Discretized light-cone quantization of M-theory further compactified on T 3−n is described by dimensionally reducing the four dimensional gauge theory to 4 − n dimensions. In this case it is not obvious that the non-renormalization theorem will carry over because the underlying conformal invariance of the four dimensional theory is broken in lower dimensions. In three dimensions, instanton effects appear, with just the right structure predicted by the correspondence with supergravity for SU (2) [10] . In one dimension, a non-renormalization theorem has been proven by very different methods for the supersymmetric SU (2) quantum mechanics, where it is found that the one-loop contribution is exact [11] . For SU (N ) it has been established that the terms that appear at one-loop are not renormalized [12] , however the possibility remains that other tensor structures can appear at the same order, beyond one-loop. As we will describe below, conformal invariance and chiral U (1) R symmetry is sufficient to rule out such extra contributions in four dimensions.
There is a qualitative difference between the SU (N ) and the SU (2) case from the brane point of view. Consider one D-threebrane probing a generic background of N − 1 others. For N = 2 the velocity of the background D-brane may be set to zero, giving rise to a supersymmetric background. It is not surprising then that the metric induced by this brane is protected by supersymmetry. For N > 2 on the other hand, the background will generically break all supersymmetry. Nevertheless the result we find is that the metric induced by this background is protected by supersymmetry.
F 4 Terms in N = 4 SUSY SU (N ) Gauge Theory
In the following, the N = 2 superspace formalism will be used. Each N = 4 vector multiplet consists of a N = 2 vector multiplet and a hypermultiplet in the adjoint representation. We will be interested in a generic point on the Coulomb branch of the theory where SU (N ) is broken to U (1) N−1 modulo Weyl transformations. The light degrees of freedom therefore correspond to a collection of N − 1 N = 4 multiplets.
The N = 4 theory is finite and conformally invariant. For a suitable definition of the matrix of couplings τ ij and field strength superfields W i compatible with duality, the generic gauge kinetic terms can be written as
where τ ij = τ C ij , where τ = θ 4π + 2πi g 2 is the coupling that transforms in the standard way under SL(2, Z Z) duality and C ij is proportional to the Cartan matrix. In addition there are kinetic terms for the hypermultiplet superfields Y i and a superpotential coupling the vector and hypermultiplet which are completely determined by supersymmetry. Now consider terms of the form (1.1). Scale invariance implies that H must be dimensionless, and since the theory is U (1) R invariant (there is no anomaly in N = 4) it must transform trivially under the chiral U (1) R symmetry. This implies strong constraints on the functions of the W i and Y i that can appear in H. To determine the behavior as a function of τ we follow the argument of [13] , and promote τ to a background vector superfield. Demanding scale invariance and U (1) R invariance in this situation implies that H cannot depend on τ at all. We find therefore H must be one-loop exact.
It remains then to explicitly determine the one-loop form of H. For the moment we will assume that only the scalars in the N = 2 vector multiplets have nontrivial expectation values. The one-loop form for H(W,W ) was determined for a general N = 4 super Yang-Mills theory in terms of a momentum integral in [6] H(W,W ) = 1 2 dp 2 (4π) 2 p 2 Tr A log 1 +
where the trace is in the adjoint representation which we denote by the subscript A.
It is more convenient to use the fundamental representation to describe a generic point on the Coulomb branch. The generators of the fundamental representation (denoted by subscript F ) are related to those of the adjoint representation by
Here a runs over the group generators and i, j, k, l are indices in the fundamental. The scalar part of the field W has an expectation value that lives in the Cartan subalgebra
The T F 's appearing here are diagonal, so are just written with a single fundamental index.
Inserting (2.4) into the expression that appears in the integral (2.2) leads to
5)
where W i = W a (T a F ) i are diagonal. Now the point is that the right-hand side of (2.5) is diagonal in adjoint indices (the trace of (2.3) involves the contraction of i with l and j with k). Evaluating the integral (2.2) gives
(2.6)
To obtain the full expression compatible with N = 4 supersymmetry, we need to generalize this expression to include hypermultiplet couplings. This is needed to study backgrounds corresponding to D-branes moving in arbitrary directions. In order to do this, we first expand in N = 1 superfields. It may be seen by examining the structure of the one-loop diagrams that the correct general expression is obtained by rotating each of the terms in the sum (2.6) independently with respect to the manifest SU (3) × U (1) subgroup of the SU (4) R symmetry group of N = 4 supersymmetry. As expected from the supergravity point of view, the result corresponds to the pairwise interaction of D-threebranes.
It should be noted the one-loop exactness of H extends immediately to arbitrary gauge groups. It is then a simple matter to carry over the calculation above to obtain H at a generic point in the moduli space.
There is a singularity in H (2.6) when W i → W k , which corresponds to nonabelian gauge symmetry being restored. In this limit, off-diagonal degrees of freedom become massless and should be included in the effective action. The H 0 term in (1.2) will in general be non-zero in this situation.
After this work was completed, we received [14, 15] where similar results are obtained for the one-loop contribution to H(W,W ).
